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Wave functions of SU(3) pure gauge glueballs on the lattice
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The Bethe-Salpeter wave functions of SU(3) pure gauge glueballs are revisited in this study. The
ground and the first excited states of the scalar and tensor glueballs are identified unambiguously
through the variational method. We calculate the wave functions in the Coulomb gauge and use two
lattice spacings to check the discretization artifacts. For the ground states, the radial wave functions
are approximately Gaussian and the size of the tensor glueball is roughly twice as large as that of the
scalar glueball. For the first excited states, the radial nodes are clearly observed for both the scalar
and the tensor glueballs, such that they can be interpreted as the first radial excitations. These
observations may shed light on the theoretical understanding of the inner structure of glueballs.
PACS numbers: 11.15.Ha, 12.38.Gc, 12.39.Mk
I. INTRODUCTION
In quantum chromodynamics (QCD), gluons have
strong interactions with each other and can form a new
type of hadron, the glueball, which is distinct from
the conventional qq¯ mesons in the picture of the quark
model. However, there is not yet a reliable theoretical
description of the intrinsic degrees of freedom of glue-
balls. Phenomenologically, two-gluon glueballs are the
simplest low-energy color singlet systems made up of glu-
ons, whose JPC quantum numbers are expected to be
0++, 2++, 0−+, etc. (1++ quantum number does not ap-
pear for two-gluon glueballs if the constituent gluons are
massless). These arguments are in qualitative agreement
with the pattern of the glueball spectrum obtained by lat-
tice QCD calculations [1–4], where the lowest-lying states
are 0++, 2++, 0−+ glueballs in the order of mass from
low to high. As for the gluon dynamics inside glueballs,
there are various effective approaches such as the bag
model [5], QCD in Coulomb gauge [6, 7], and potential
models [8–10]. The potential models depict a glueball as
a bound state of two or more constituent gluons through
a confining interacting potential. Even though still con-
troversial, the potential models with proper theoretical
assumptions can reproduce the glueball spectrum from
lattice QCD.
Apart from the spectrum, some other static proper-
ties of glueballs, such as the Bethe-Salpeter (BS) wave
functions, can also be investigated through lattice QCD
studies, from which one can infer some qualitative infor-
mation on the sizes and the spatial profiles of glueballs.
For a glueball dominated by a two-gluon component, the
BS wave function is defined through the matrix element
of a two-gluon operator Aµ(x)Aν (y) between the glueball
state and the vacuum, which can be derived from the rel-
evant two-point function calculated in lattice QCD. This
kind of wave function may reflect the spatial structure
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of a hadron to some extent. Since the two-gluon oper-
ator Aµ(x)Aν(y) is obviously gauge variant, the related
calculation should be performed in a fixed gauge, for ex-
ample, the Coulomb gauge. The pioneering study on
this topic was carried out for the SU(2) pure gauge glue-
balls [11]. A similar study on SU(3) glueballs can be
found in Ref. [12].
There are actually phenomenological studies [13, 14] on
the gluon dynamics within glueballs by the use of the BS
wave functions obtained from lattice QCD calculations,
where the positive C-parity states are taken as mainly
two-gluon states and the interacting potential between
the constituent gluons is extracted. However, the previ-
ous lattice studies focus only on ground states and the
results are not precise enough, thus a more scrutinized
analysis is desired for the BS wave functions of both the
ground and the excited states. This is exactly the ma-
jor goal of this work. It is known that the key point in
the calculation of the matrix elements mentioned above
is to identify the glueball states unambiguously. In or-
der for this, we adopt the sophisticated technique used
in the glueball spectrum study [1–3]. This technique im-
plements the variational method based on large operator
sets for glueballs, through which the ground and the first
excited states can be well determined. Finally, the BS
wave functions of all the glueball states are derived to
a high precision. We hope our results can provide more
information to the understanding of the nature of glue-
balls.
This paper is organized as follows. Section II gives a
detailed introduction to the definition of two-gluon op-
erators on the lattice. Section III contains the numeri-
cal details in calculating the BS wave functions. In Sec-
tion III we also discuss the parameterizations of the wave
functions and the corresponding physical implications. A
brief summary is given in Section IV.
II. TWO-GLUON OPERATORS
It is known that the Bethe-Salpeter equation [15] pro-
vides a relativistic description of a two-body system
2where the relativistic Bethe-Salpeter (BS) wave function
of a bound state can then be defined. For a two-gluon
glueball state |G〉 in its rest frame, the BS wave function
can be expressed as [11]:
ΦG(r) = 〈0|
∑
µ,ν
α(µ, ν)
∑
|~r|=r,~x
Ylm(rˆ)Aµ(~x)Aν(~x+ ~r)|G〉,
(1)
where rˆ stands for the spatial orientation of ~r, the sum-
mations on (µ, ν) and |~r| guarantee the right quantum
number of the state |G〉, and the gauge field Aµ acts as
the creation operator for a gluon. Since the fundamental
gluonic variables on the lattice are the gauge links Uµ(x)
instead of Aµ(x), one has to build the lattice counterpart
of the two-gluon operator OA,µν(x,~r) = Aµ(x)Aν(x+ ~r)
through gauge links Uµ(x).
The gauge field Aµ(x) can be directly defined as
Aµ(x) ∼ [Uµ(x) − Uµ(x)†](1 +O(a2)) (2)
by the use of the relations
Uµ(x) = e
iagAµ(x), U †µ(x) = e
−iagAµ(x), (3)
and the classical small-a expansion of Uµ(x). The two-
gluon operator through this way is denoted as O1A in this
work. In Ref. [11] the authors propose an alternative
definition of the two-gluon operators (denoted as O2A)
O2A,µν(x,~r) = ReTr[U †µ(x)Uν(x + ~r)]
− 1
3
ReTr[Uµ(x)] · ReTr[Uν(x+ ~r)]
= (ag)2Aµ(x)Aν (x+ ~r) +O(a4),
and claim that this definition reduces the possible mixing
with the flux states. Although flux states do not appear
in this work (see below), we also carry out the relevant
calculation using O2A to check the possible lattice arti-
facts owing to the different definitions of the two-gluon
operators.
However, the classical expansion of Uµ(x) is not very
justified due to the tadpole diagrams if the quantum ef-
fects are considered. In view of this fact, we propose an
alternative way to define Aµ(x) from Uµ(x) through a
non-linear derivation,
Aµ(x) ∼ log[Uµ(x)]. (4)
For any Uµ(x), which is an element of the SU(3) group,
there exists an unitary matrix R satisfying
R†UR = diag(λ1, λ2, λ3), (5)
with λi, i = 1, 2, 3 being the 3 eigenvalues of the matrix
U . Thus Eq. (4) can be solved exactly as
Aµ(x) ∼ R · diag (log[λ1], log[λ2], log[λ3]) ·R†. (6)
The subsequent two-gluon operators are called O3A in this
work.
The spatial symmetry group on a lattice is the discrete
octahedral point group O instead of the SO(3) group in
the continuum limit, whose irreducible representations
are R = A1, A2, E, T1, T2. Although the correspondences
of these irreducible representations to the angular mo-
menta J are not unique, it is always conjectured that
the lowest states in each symmetry channel R corre-
spond to the states with lowest J ’s in the continuum. To
be specific, the quantum number of the scalar glueball
(JPC = 0++) is realized by the A++1 irreducible repre-
sentation on the lattice, and that of the tensor glueball
is given by both E++ and T++2 . The two-gluon opera-
tors belong to the above irreducible representatives are
expressed explicitly as
OA
++
1
A (r) =
∑
|~r|=r,~x
3∑
i=1
Ai(~x+ ~r)Ai(~x),
OE++,1A (r) =
∑
|~r|=r,~x
1√
2
(A1(~x+ ~r)A1(~x)−A2(~x+ ~r)A2(~x)) ,
OE++,2A (r) =
∑
|~r|=r,~x
1√
6
(2A3(~x+ ~r)A3(~x)−A1(~x + ~r)A1(~x)
−A2(~x+ ~r)A2(~x)) ,
OT
++
2
,1
A (r) =
∑
|~r|=r,~x
1√
2
(A2(~x+ ~r)A3(~x) +A3(~x+ ~r)A2(~x)) ,
OT
++
2
,2
A (r) =
∑
|~r|=r,~x
1√
2
(A1(~x+ ~r)A3(~x) +A3(~x+ ~r)A1(~x)) ,
OT
++
2
,3
A (r) =
∑
|~r|=r,~x
1√
2
(A1(~x+ ~r)A2(~x) +A2(~x+ ~r)A1(~x)) ,
(7)
where the ~rs with the same |~r| = r and different spatial
orientations are summed up and the t variable is omitted
for convenience.
III. NUMERICAL DETAILS
We generate the gauge configurations on two
anisotropic lattices using the tadpole-improved gauge ac-
tion [1]. The lattice sizes are L3 × T = 83 × 96 and
L3 × T = 123 × 144, respectively. The temporal lattice
spacing at is made much smaller than the spatial one
as with the anisotropy ξ ≡ as/at = 5. Thus we can ob-
tain a higher resolution of hadron correlation functions in
the temporal direction, which helps us to handle glueball
states whose signal-to-noise ratios damp rapidly in time.
The relevant input parameters are listed in Tab. I, where
the as values are determined through the static poten-
tial with the scale parameter r−10 = 410(20)MeV. There
are 5000 gauge configurations generated for each lattice.
The volumes of both lattices are roughly (1.7 fm)3, which
have been tested to be large enough for glueballs [3].
The BS wave function in the rest frame of a glueball
state can be derived by calculating the following two-
3TABLE I: The lattice parameters in this work, such as the
coupling constant β, the anisotropy ξ, and the number of
the configurations, etc.. The ratio as/r0 is determined by
the static potential. The first error of as is statistical and the
second one comes from the uncertainty of the scale parameter
r−10 = 410(20) MeV.
β ξ as/r0 as(fm) Las(fm) L
3
× T Nconf
2.4 5 0.461(4) 0.222(2)(11) ∼ 1.78 83 × 96 5000
2.8 5 0.288(2) 0.138(1)(7) ∼ 1.66 123 × 144 5000
point functions of the two-gluon operator OA(t, r) de-
fined above and an operator OB which creates glueball
states with a specific quantum number,
C2(t, r) = 〈0|OA(t, r)OB(0)|0〉
=
∑
i
1
2mi
〈0|OA(r)|i〉〈i|OB |0〉e−mit
=
∑
i
Φi(r)e
−mit (8)
where mi is the mass of the i-th state, and Φi(r) is its
BS wave function by the definition of Eq. (1) (up to an
irrelevant normalization factor). Since the two-gluon op-
erators OA(t, r) are gauge variant objects, we need to cal-
culate the two-point functions C2(t, r) in a fixed gauge.
In the practical calculation, all the gauge configurations
are fixed to the Coulomb gauge, in which the BS wave
functions are usually assumed to have connection with
the wave functions of potential models.
In this work we intend to obtain the wave functions of
both the ground and the first excited glueball states, so
the major task is to identify a specific state unambigu-
ously. For this purpose, we adopt the techniques applied
in the calculation of the glueball spectrum to construct
the optimal glueball operators Oopt which couple to spe-
cific states. Subsequently, we use Oopt as the operator
OB in Eq. (8) to calculate the required correlation func-
tions. It should be noted that, with this prescription, the
possible mixing of glueballs to the flux states [11] can be
eliminated, or at least much suppressed by the use of the
optimal operators. We outline the construction of Oopt
as follows.
As is mentioned above, the quantum numbers of glue-
balls are realized through the irreducible representations
A1, A2, E, T1, and T2 of the lattice point groupO. There-
fore, we first build the same 10 prototypes of Wilson loops
as those in Refs. [2, 3], based on which several smear-
ing steps are applied to obtain more loop operators for
glueballs. We perform the 24 spatial operations of the
O group to these operators and linearly combine them
to realize the irreducible representations of A1, E and
T2. As such we obtain 24 different operators for each of
the quantum numbers R = A++1 , E
++, or T++2 . Finally,
we implement the variational method to get the optimal
operators by solving the generalized eigenvalue problem.
To be specific, for a given quantum number R, we first
calculate the 24 × 24 correlation matrix CRαβ(t) through
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FIG. 1: Effective mass plateaus of the ground and the first
excited states in A++1 , E
++, and T++2 channels. The left plot
is from 83 × 96 lattice while the right one is from 123 × 144.
The time and the mass axis are both in lattice units.
the operator set {φRα , α = 1, 2, . . . , 24},
CRα,β(t) = 〈0|φRα (t)φR†β (0)|0〉, (9)
and then solve the generalized eigenvalue problem
CR(t0)V
R
i = e
−m˜Ri t0C(0)V Ri (10)
to obtain the eigenvector V Ri for the i-th eigenvalue
e−m˜
R
i t0 . In this work we choose t0 = 1. The eigenvector
V Ri yields the combination coefficients for the optimal
operator,
ORopt,i =
24∑
α=1
V Ri,α · φRα . (11)
It has been verified in the calculation of the spectrum
that ORopt,i is highly optimized and its correlation func-
tion is saturated by the i-th state even at the beginning
time slice. In other words, the correlation function of
ORopt,i can be consequently expressed as
C
(R,i)
opt (t) = 〈ORopt,i(t)OR†opt,i(0)〉 ≈ e−m
R
i t, (12)
where C
(R,i)
opt (t) is normalized as C
(R,i)
opt (0) = 1, and m
R
i
is the mass of the state.
The effective mass plateaus of the ground and the first
excited states of scalar and tensor glueballs are plotted in
Fig. 1, where one can see that the effective mass plateau
in each channel starts almost from the first time slice.
The masses of the ground and the first excited glueball
states in the A++1 , E
++, and T++2 channels are given in
Tab. II in physical units, which are converted through
the scale parameter r−10 = 410(20) MeV. It is also seen
that the masses of the A++1 glueballs have obvious lat-
tice spacing dependence, while the masses of the E++
and T++2 glueballs are insensitive to the lattice spacings.
4TABLE II: The masses are given in physical units for the ground and the first excited states of glueballs in the A++1 , E
++,
and T++2 channels (the first excited states are labelled by an asterisk on the quantum numbers). The first error of each mass
value is the statistical one and the second comes from the uncertainty of the scale parameter r−10 = 410(20) MeV.
β A++1 (GeV) A
++∗
1 (GeV) E
++ (GeV) E++∗ (GeV) T++2 (GeV) T
++∗
2 (GeV)
2.4 1.36(1)(7) 2.58(4)(13) 2.40(4)(12) 3.29(13)(16) 2.36(4)(12) 3.34(13)(16)
2.8 1.52(2)(8) 2.92(20)(15) 2.31(4)(11) 3.42(15)(17) 2.31(3)(11) 3.49(21)(17)
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FIG. 2: The comparison of the ground state wave functions
Φ(r) (normalized to 1 at r = 0) extracted through the dif-
ferent definitions of the two-gluon operators in A++1 , E
++,
and T++2 channels. The finite lattice spacing effects are also
checked by the comparison of the wave functions calculated
on 83 × 96 and 123 × 144 lattices. In each channel, the wave
functions lie on each other within errors and manifest the
small lattice artifacts.
Our results are consistent with that of the previous stud-
ies [2, 3]. The coincidence of the masses of E++ and
T++2 glueballs at the same lattice spacing implies that
the effects due to the rotational symmetry breaking are
not important on the lattices we are using.
By using the optimal glueball operators, the two-point
function C2(t, r) can be simplified as
C
(R,i)
2 (t, r) = 〈0|ORA(t, r)OR†opt,i(0)|0〉 ≈ N ΦRi (r) e−m
R
i t.
(13)
where mRi is the mass of the glueball state in concern, N
is an irrelevant normalization factor, and ΦRi (r) is the de-
sired wave function. Consequently, ΦR(r) can be directly
obtained through a single-exponential fit. For a definite
state, since the mass mR is a common parameter of the
two-point functions C
(R,i)
2 (t, r) with different rs as well as
the relevant C
(R,i)
opt (t), we perform a joint data analysis on
these correlation functions. We first divide the 5000 mea-
surements of the two-point functions into 100 bins and
take the average of the 50 measurements in each bin as
an independent measurement. After that we construct a
bootstrapped covariance matrix of these correlation and
carry out a correlated minimal-χ2 data fitting, through
which the wave functions ΦRi (r) at different rs can be
TABLE III: The best-fit parameters of the ground state wave
functions using the parameterization in Eq. (14). The RMS
radii rRMS of ground state glueball wave functions are also
listed. The size of the tensor glueball is roughly twice as
large as that of the scalar glueball.
A++1 E
++ T++2
r0 (fm) 0.154(8) 0.258(5) 0.296(3)
α 2.1(4) 2.1(1) 2.07(7)
rRMS (fm) 0.127 0.211 0.248
obtained simultaneously . For all the channels we are
interested in, the fitting qualities are very good.
We first test the three definitions of the two-gluon op-
erators on the two lattices we are using. The ground
state wave functions in the A++1 , E
++, and T++2 chan-
nels are plotted in Fig. 2 for comparison, where the spa-
tial distances r are expressed in physical units based on
the lattice spacings listed in Tab. I. In each channel, the
wave functions from the three types of the two-gluon op-
erators lie on the same curve within errors. This implies
that the three definitions of the two-gluon operators are
numerically equivalent. On the other hand, the wave
functions from the two lattices do not show sizable dif-
ference and manifest that the finite a artifacts are not
important. This observation is understandable since we
are using the improved action, which suppresses the dis-
cretization error substantially. Therefore, in the follow-
ing data analysis and discussions in this paper, we focus
only on the wave functions derived from the finer lattice
with the third definition of the two-gluon operators.
In order to get some quantitative information, we pa-
rameterize the ground state wave functions as the follow-
ing function form,
Φ1(r) = Φ1(0)e
−
(
r
r0
)α
, (14)
where the parameters r0 and α can be determined by fit-
ting the lattice data. Since the measured values of the
wave functions at different r are correlated, in extracting
r0 and α we perform the correlated data fitting with a
bootstrapped covariance matrix. The best-fit results are
listed in Tab. III for the three channels on the 123 lattice.
It is interesting that the parameter α is close to 2 within
errors for all the cases. This is very different from the
previous work [11, 12] where Φ1(r) is Coulomb type in-
stead of the Gaussian type in this study. The fitted wave
functions of the ground states for the three channels are
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FIG. 3: The ground state wave functions derived on the 123×
144 lattice are plotted by data points. The curves are the
fitting results using the parameterization in Eq. (14).
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FIG. 4: The wave functions of the first excited states. The
data points are measured results and the curves illustrate the
parameterization in Eq. (16) with the best-fit parameters.
plotted in Fig. 3 for illustration. It should be noted that
the wave functions of E++ and T++2 ground state glue-
balls are slightly different, which can be attributed to the
rotational symmetry breaking on the lattice. Obviously,
the effect of this kind of symmetry breaking is enlarged in
the spatially extended quantities such as the wave func-
tions, even though their masses are nearly degenerate.
We also calculate the root-of-mean-square (RMS) radii
rRMS for the ground state glueballs with the definition
r2RMS =
∫
drr4Φ2(r)∫
drr2Φ2(r)
, (15)
where Φ(r) is the wave function with the best-fit param-
eters. The results are also listed in Tab. III. The rRMS’s
of the E++ and T++2 glueballs are almost twice as large
as that of the A++1 glueball.
Benefiting from the variational method discussed
TABLE IV: The best-fit results of wave functions of the first
excited states in the three channels using the parameterization
of Eq. (16). The errors are only statistical.
A++1 E
++ T++2
β 21(4) 11(1) 11(1)
α 1.7(1) 2.0(1) 2.0(1)
r0(fm) 0.21(1) 0.30(1) 0.31(1)
above, we can also identify clearly the first excited states
of glueballs in the three channels. This enables us to de-
rive their wave functions as well, and the procedure is
similar to that for the ground states. Fig. 4 (the points)
shows the wave functions of the A++1 , E
++ and T++2
excited glueballs. We do observe the radial nodes for all
these wave functions, which can be viewed as a strong ev-
idence that the excited glueball is the first radial excited
state of the ground glueball in each channel. Inspired
by the function form of the two-body non-relativistic
Schro¨dinger equation, we parameterize the wave func-
tions of the first excited states as follows,
Φ2(r) = Φ2(0)(1 − β · rα)e−
(
r
r0
)α
, (16)
where the parameter α depends on the type of the in-
teracting potential (for example, α = 1 for the Coulomb
potential and α = 2 for the harmonious oscillator po-
tential). The parameters r0, α, and β are determined
through a procedure similar to that for the ground states,
and the best-fit results for the 123× 144 lattice are listed
in Tab. IV. It is interesting that α and r0 in the tensor
channel (T++2 and E
++) are close to those of the ground
state. Especially, α is still close to 2, which resembles the
case for the harmonious oscillator potential model. For
the first excited state of the scalar glueball, the fitted
parameter α deviates from 2 a little. The reason for this
is not clear yet. Recalling that the size of ground scalar
glueball is as small as 0.127 fm, while the lattice spac-
ings we are using are comparable to it or even larger, so a
possibility is that the radial behavior of the first excited
scalar glueball is not extracted accurately enough.
IV. SUMMARY AND DISCUSSIONS
The Bethe-Salpeter wave functions of the pure gauge
scalar and tensor glueballs are revisited in this work. The
feature of this study is the precise identification of the
ground and the first excited glueball states in these two
channels through the variational method based on large
operator sets. We test the different definitions of two-
gluon operators and find no sizable difference, which im-
plies the finite lattice spacing artifacts are small due to
the implementation of the improved gauge action. This
is also reinforced by checking the results from two lattices
with different lattice spacings.
With large statistics, the BS wave functions of both
the ground and the first excited states in the scalar and
6tensor channels are extracted precisely. Instead of the ex-
ponential fall-off of the wave functions observed in previ-
ous works, we find that the wave functions of the ground
states are Gaussian-like. The size of the ground state ten-
sor glueball is roughly twice as large as that of the ground
state scalar glueball. For the first time, we observe the
radial nodes of wave functions of the first excited states,
which support them as the first radial excitations. We
use the function forms inspired by potential models to
parameterize the wave functions, and the fitted parame-
ters show that the wave functions of the ground and the
first excited state in the tensor channel are compatible
with the 1S and 2S wave functions of a harmonious os-
cillator. These observations are helpful for a qualitative
understanding of the inner structure of glueballs. Fur-
thermore, there have been quite a few phenomenologi-
cal studies on glueballs in the picture of potential mod-
els [13, 14, 16, 17], which use the scalar glueball wave
function as an input to derive the interacting potential
between constituent gluons. The results in this work can
provide much finer and more precise information on this
sector.
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